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Magneto electro elastic couplinga b s t r a c t
In the present work, applying the asymptotic homogenization method (AHM), the derivation of the
antiplane effective properties for three-phase magneto-electro-elastic ﬁber unidirectional reinforced
composite with parallelogram cell symmetry is reported. Closed analytical expressions for the antiplane
local problems on the periodic cell and the corresponding effective coefﬁcients are provided. Matrix and
inclusions materials belong to symmetry class 6mm. Numerical results are reported and compared with
the eigenfunction expansion-variational method (EEVM) and other theoretical models. Good agreements
are found for these comparisons. In addition, with the herein implemented solution, it is possible to
reproduce the effective properties of the reduced cases such as piezoelectric or elastic composites obtain-
ing good agreements with previous reports.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Nowadays, one of the technological challenges is to build up
better devices and structures that satisfy the new useful emergent
technologies for getting a higher development of the mankind. In
this sense, the creation of new materials is an important purpose
for researchers and scientists. In this line, composite materials
can potentially contribute to the search of novel materials by direct
engineering of their microstructure (Jiang et al., 2004).
Magnetoelectroelastic composites is a successful case of the
man-made materials, since Van Suchtelen (1972) proposed that
the combination of piezoelectric-piezomagnetic phases may
exhibit a new material property -the magnetoelectric coupling
effect- caused by ‘‘product properties’’; that is, a polarization
response to an applied magnetic ﬁeld, or conversely, a magnetiza-
tion response to an applied electric ﬁeld, through the elastic strain,
(Landau and Lifshitz, 1960) showing a full coupling amongmagnetic, electric and mechanical ﬁelds. Because of the ﬁnding
of this coupling phenomenon in a variety of microstructures and
its relation to macroscopic properties several researchers have
focused their attentions on this topic (Bichurin et al., 2003a,b;
Lin et al., 2005; Petrov et al., 2007a,b; Singh et al., 2008, among
others). There are excellent candidates for using in memory
elements and smart sensor (Feng, 2009); four-state memories,
magnetic ﬁeld sensors, and magnetically controlled opto-electric
devices (Kuo, 2011) and so on. Motivated by the above mentioned
interest, the prediction of the overall properties for ‘magneto-
electric-elastic’ (MEE) ﬁber composites by different micromechan-
ical methods have been an intensive research topic.
Appropriated description for coupled properties induced from
discontinuous reinforcement is still a topic of interest that have
been addressed by several authors: Bracke and Van Vliet (1981),
Nan (1994), Benveniste (1995), Fuentes et al. (2006), Petrov et al.
(2007a,b), Tong et al. (2008) and Dinzart and Sabar (2011). Overall
magneto-electro-elastic coupling properties are highly affected by
the inclusions array geometry of the cell (square, hexagonal, paral-
lelogram and randomly cell) and the interface between the constit-
uents. For instance, two-phase ﬁber-reinforced composites are
affected whether the phase contact is perfect or imperfect. Wang
and Pan (2007), Camacho-Montes et al. (2006, 2009), Bravo-
Castillero et al. (2009) and Espinosa-Almeyda et al. (2011) show
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inclusion interactions.
Considering a third phase between the matrix and the ﬁber can
be a good idealization of the complex phenomenon that occurs at
the interface. This third phase is considered as a thin layer that
describes the transition zone (interphase) between the ﬁber and
the matrix, Wang et al. (2005), Guinovart-Díaz (2008), Yan et al.
(2013), etc.
In many cases of interest, the perfect interface is not an ade-
quate model and it is necessary to include one or more interphases
separating the reinforcement inclusion phase from the host matrix
phase as part of the analytical model. This interphase can represent
chemical interactions between the constituents, or they can be
introduced by design in order to improve the properties of the
composite, Guinovart-Díaz (2008). Then, a better description for
imperfect bonded composites can be achieved including one or
more than one extra phase between the matrix and the ﬁber and
this proceeding transform the two phase MEE composite in a
new multiphase MEE composite.
Micromechanical models used in elastic and piezoelectric
problems have been extended to predict effective properties of
MEE composites: The dilute (Eshelby, 1957; Zhang and Soh,
2005), self-consistent (Budiansky, 1965; Nan, 1994; Srinivas and
Li, 2005), generalized self-consistent (Tong et al., 2008), differential
(Mclaughlin, 1977), Mori–Tanaka (Mori and Tanaka, 1973;
Benveniste, 1987; Li and Dunn, 1998; Srinivas et al., 2006; Wang
and Pan, 2007) and homogenization (Benveniste and Dvorak,
1992); methods that are so used to solve the two-phase microme-
chanics models.
A modiﬁed Mori–Tanaka method applied on the three-phase
model instead of the Eshelby’s problem was proposed by Luo and
Weng (1987). Also, based on the composite cylinder model and
the theory of exact connections of multi-ﬁelds, the predictions of
the ME coefﬁcient was given by Benveniste (1995). The Mori–
Tanaka theorem and Nemat-Nasser and Hori’s multi-inclusion
model is generalized by Li (2000) to analyze the heterogeneous
electro-magneto-elastic solids. In those works, they take into
account an inclusion containing another inclusion, which is
embedded in an inﬁnite matrix and they developed a numerical
algorithm to evaluate electro-magneto-elastic Eshelby tensors.
The homogenization micromechanical method was employed
to predict the effective moduli of electro-magneto-thermo-elastic
multi-phase composites (Aboudi, 2001). In this method, he
assumed that ﬁelds vary on multiple spatial scales due to the exis-
tence of a microstructure and the fact that the microstructure is
spatially periodic.
By the ﬁnite element method (FEM), Lee et al. (2005) has
investigated the effective properties of a three-phase electro-
magneto-elastic composite that is composed by an elastic matrix
reinforced with piezoelectric and piezomagnetic ﬁbers. A non-zero
magneto-electro-elastic coefﬁcient is reported. Dinzart and Sabar
(2011), applying the Mori–Tanaka’s model obtained the effective
magneto-electro-elastic properties of the composite containing
thin coated inclusions. Guinovart-Díaz et al. (2013) deduced the
in-plane effective properties for magneto-electro-elastic ﬁber
unidirectional reinforced three-phase composite with square and
hexagonal arrangement of cells by asymptotic homogenization
method. As a generalization of the classic Rayleigh’s work in
1892, Kuo (2011) developed the magnetoelectroelastic potential
in multicoated elliptic ﬁbrous composites of piezoelectric and
piezomagnetic phases and performed a numerical computation
for two- and three-phase transversely isotropic composites:
BaTiO3/CoFe2O4 (ﬁbers/matrix) and BaTiO3/Terfenol-D/CoFe2O4
(ﬁber/coated/matrix). They also reported that their results can be
beneﬁcial as design tools for functionally graded tunable
composites.Yan et al. (2013), extend the eigenfunction expansion-
variational method (EEVM) reported by Yan et al. (2011) to solve
the antiplane magnetoelectroelastic coupling problem for compos-
ites with a generally doubly periodic ﬁbers array. In his work, he
showed the inﬂuences of the volume fraction, permutation and
the choice of the constituent phases, as well as the ﬁber distribu-
tion on the effective magnetoelectroelastic moduli. Besides, it is
shown that the periodic array of ﬁbers is expected to exhibit spe-
cial magnetoelectric effect due to the overall anisotropy induced
by general ﬁber arrays.
The main aim of this paper is the determination of the anti-
plane effective properties for three-phase magneto-electro-elastic
ﬁber unidirectional reinforced composite with parallelogram cell
symmetry using the asymptotic homogenization method (AHM),
as an extension of works reported by Espinosa-Almeyda et al.
(2011) and Guinovart-Díaz et al. (2013) considering perfect or
imperfect conditions at the interfaces for a two-phase composite.
The effect of the interphase on effective properties is receiving
considerable attention in the literature and it is the motivation
for this work. In general, the application of this method to a
periodic medium leads necessarily to the solution of several
so-called local (or canonical) problems which take place on a
periodic unit cell. The present solution is mainly focused on
the estimation of analytical expressions for the effective coefﬁ-
cients taking into account the inﬂuences of the volume fraction,
permutation and the choice of the constituent phases, as well as,
the ﬁber distribution on the effective magnetoelectroelastic mod-
uli. In addition, the anisotropy of the composites induced by the
distribution of the ﬁbers arrays in the matrix is discussed.
Numerical calculations are carried out and some comparisons
with the eigenfunction expansion-variational method (EEVM)
and others theoretical models are presented and good agree-
ments are obtained.2. Governing equations and basic formulation
A three-phase periodic composite (ﬁber/interphase/matrix) is
considered here which consists of a parallelogram array of two
circular and concentric ﬁbers of different materials embedded in
a homogeneous medium. The Cartesian coordinates system
fO; x1; x2; x3g is employed for geometrical description of the
composites deﬁned in X  R3. The ﬁbers are inﬁnitely long in the
direction Ox3 and periodically distributed. Fig. 1(a) shows the rep-
resentative volume element in the plane normal Ox1x2 to cylindri-
cal axis. The magnetoelectroelastic material properties of each
phase belong to the crystal symmetry class 6mm, where the axes
of material and geometric symmetry are parallel.
The transversal sections of the periodic cell are parallelograms
with two concentric circles of radius R1 and R2 ðR2 < R1Þ, the phase
contacts between the matrix/interphase and the interphase/ﬁber
are considered as Cs ¼ fz : z ¼ Rseih; 0 6 h 6 2pg, ðs ¼ 1; 2Þ respec-
tively. It is also considered the cell with periodicity property on the
complex plane z ¼ n1 þ i n2 where x1 and x2 denote the principals
periods. The region occupied for the matrix ðS1Þ, interphase ðS2Þ
and ﬁber ðS3Þ are respectively denoted by Sc ðc ¼ 1;2;3Þ respec-




Sc ¼£, in such way x ¼ ðx1; x2; x3Þ is
the global variable and n ¼ x=e, n ¼ ðn1; n2; n3Þ is the quick variable,
on the periodic cell Y that it is deﬁned for a regular parallelogram
in the plane n1n2; where e ¼ l=L is a dimensionless parameter and
LðIÞ is a linear dimension of the body (inclusion). The angle of incli-
nation of the cell will be denoted by h, see Fig. 1(b).
We consider magneto-electro-elastic media that exhibit linear
coupling among the magnetic, electric, and elastic ﬁelds. In this





















Fig. 1. (a) Cross section of a three-phase magnetoelectroelastic ﬁber composite with a doubly periodic microstructure and (b) extracted parallelogram periodic.
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Bi ¼ qiklekl þ aikEk þ likHk: ð1Þ
Also, as we are considering the static case, the Cauchy’s rela-
tions as well as the relationship between the electric and magnetic
ﬁelds with their respective potentials takes the following form:
eij ¼ ð@ui=@xj þ @uj=@xiÞ=2; ð2Þ
Ei ¼ @/=@xi ¼ /;i Hi ¼ @w=@xi ¼ w;i: ð3Þ
The equilibrium and Maxwell’s equations of the composites are
expressed by the mechanical displacement u and Maxwell’s quasi-
static equations for electric ﬁeld E and magnetic ﬁeld H. They
become coupled equations for u; E and H starting from the
equations:
rij;j ¼ 0; Bi;i ¼ 0; Di;i ¼ 0: ð4Þ
In Eqs. (1)–(4), Cijkl; eijk; qijk; aij; jij and lij are the material
properties, that denote the elastic stiffness tensor, piezoelectric,
piezomagnetic and magneto-electric coupling tensors, the dielec-
tric permittivities and the magnetic permeabilities, respectively.
rij; Di; Bi; ekl; Ek and Hk denote the components of the stress,
electric displacement, magnetic induction, strain, electric and mag-
netic ﬁelds respectively, and we use uk; / and w to represent the
displacement component, the electric and the magnetic potentials.
The summation convention over repeated Latin indices is under-
stood and i; j; k and l run from 1 to 3 and the comma represents
the partial derivative respect to the correspondent variable. Also,
the material properties satisfy the following symmetries:
Cijkl ¼ Cjikl ¼ Cijlk ¼ Cklij, ekij ¼ ekji, qkij ¼ qkji, jik ¼ jki, aik ¼ aki,
lik ¼ lki and the positivity conditions
9 g1 > 0; 8 X 2 E3s ; Cijklðx=eÞX ijX kl P g1X ijX kl;
9 g2 > 0; 8a 2 R3; jikðx=eÞaiak P g2aiak;
9 g3 > 0; 8 b 2 R3; likðx=eÞbibk P g3bibk;
where g1; g2; g3 are positive constants and E
3
s is the space of sym-
metric 3 3 matrices.
Substituting (1)–(3) into (4) we obtain a system of partial
differential equations with rapidly oscillating coefﬁcients on the
region X,
ðCijlkðyÞul;k þ ekijðyÞ/;k þ qkijðyÞw;kÞ;j ¼ 0;
ðekijðyÞui;k  jjkðyÞ/;k  ajkðyÞw;kÞ;j ¼ 0;
ðqkijðyÞui;k  ajkðyÞ/;k  ljkðyÞw;kÞ;j ¼ 0;
ð5Þ
which constitute the system of fundamental equations of the theory
of the linear magneto-electro-elasticity for a heterogeneous struc-
ture X. The problem is to solve (5) subject to the boundary
conditions:
uj@X ¼ g1ðxÞ; /j@X ¼ g2ðxÞ; wj@X ¼ g3ðxÞ; ð6Þwhere g1ðxÞ; g2ðxÞ and g3ðxÞ are inﬁnity differentiable functions on
X.
In a two-dimensional situation, like the herein considered
geometry, it turns out that the above equations uncouple into
two independent systems under suitable boundary conditions. Just
like, the familiar plane- and anti-plane-strain deformation states in
linear elasticity, see Camacho-Montes et al. (2006, 2009) and
López-López et al. (2005). In the state of in-plane mechanical
deformation and out-of-plane electric and magnetic ﬁelds, the
mechanical displacements u1; u2 and the ﬁelds E3; B3 are involved.
The other state, which is of particular interest in this work, it is the
anti-plane mechanical deformation and in-plane electric and mag-
netic ﬁelds. Here, the mechanical displacement u3 and the electric
and magnetic ﬁelds E1; E2; H1 and H2 are the involved variables,
see Chen (1993), Benveniste (1995) and Kuo (2011) by:
u1 ¼ u2 ¼ 0; u3 ¼ u3ðx; yÞ; / ¼ /ðx; yÞ; w ¼ wðx; yÞ; ð7Þ
where u1; u2; u3 are the mechanical displacements along the
Ox; Oy and Oz axes, / and w are the electric and magnetic potentials,
respectively.
In addition to Eqs. (1)–(6), we have to use interface conditions
between the two contiguous phases, occupied by Sc, these interface
conditions are assumed to be in perfect contact along the interfaces
Cs of each cylinder. The displacement, quasi-static electric and
magnetic potentials, traction, normal electric displacement and
normal magnetic induction are continuous across the interfaces
Cs, between the phases. Therefore the perfect contact condition
can be written as:
kuiks ¼ 0; k/ks ¼ 0; kwks ¼ 0; ð8Þ
krij njks ¼ 0; kDi niks ¼ 0; kBi niks ¼ 0; ð9Þ
the double bar notation kfks is used to denote the jump of the rel-
evant function f across the interphase Cs, i.e. kfk1 ¼ f ð1Þ  f ð2Þ and
kfk2 ¼ f ð2Þ  f ð3Þ, whereas the indices (1)–(3) denotes the matrix,
the interphase and the ﬁber properties respectively. ni is the com-
ponent of the outward unit normal vector n to the interface Cs.
3. Method of solution
By means of the well-known asymptotic homogenization
method reported by Rodríguez-Ramos et al. (2001) and Pobedrya
(1984), it is possible to obtain from (1)–(6) an asymptotic solution
of the above statement of the problem, the local problems on the
periodic cell and the effective coefﬁcients analogous to those
reported in Espinosa-Almeyda et al. (2011), being this, the main
aim of this work. The solutions can be solved asymptotically posing
the ansatz:
u3ðxÞ ¼ w0ðx; yÞ þ ew1ðx; yÞ þ Oðe2Þ; ð10Þ
/ðxÞ ¼ /0ðx; yÞ þ e/1ðx; yÞ þ Oðe2Þ; ð11Þ
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and stating the two scales. The functions w0; w1; /0; /1; w0 and w1
are found to satisfy certain differential equations related to the ori-
ginal system in a unit cell (see Fig. 1) with periodic conditions, also
they are inﬁnitely differentiable and Y-periodic with respect to the
fast variable n. It is a well-known derivation whose details can be
found elsewhere (e.g., Parton and Kudryavtsev, 1993) and here is
omitted.
Of a greater interest are the so-called local (or canonical)
problems associated here with the correction terms w1; /1 and
w1 to the mean variations w0; /0 and w0 respectively, since they
appear in the formulae of the effective properties. Due to the line-
arity of the main equations on the antiplane case, the corrections
terms w1; /1 and w1 can be obtained as a linear combination of
some of such displacements and potentials. This, however, will
not be done here, since the main objective of this paper is the
characterization of the effective properties.
Twelve local problems arise aqL; aI and qP ða ¼ 1;2;
q ¼ 1;2;3Þ over the periodic unit cell Y , deﬁned bellow (see for
instance Parton and Kudryavtsev, 1993). Only six local problems
out of these twelve are deﬁned as antiplane problem, see
Camacho-Montes et al. (2009) and Espinosa-Almeyda et al.
(2011), which are referred as 13L; 23L; 1I , 2I ; 1P and 2P. A
pre-index is used to distinguish similar constants and functions
such as displacements and potentials, which appear below. Consid-
ering also, that each homogeneous phase is a material with 6mm
symmetry, in connection with the antiplane local problems previ-









213; j11; j21; a11; a21; l12 and l22.
4. Antiplane local problems a3L, (a ¼ 1; 2)
For simplicity, only themain results of the local problem a3L, are
shown. The mathematical statement of local problems a3L is now




ðcÞ and a3NðcÞ that satisﬁes
the Laplace equations, the perfect conditions at the interfaces Cs
and the null average over the periodic cell, takes the following form:
CðcÞij3la3L
ðcÞ


























ka3L3ks ¼ 0; ka3Mks ¼ 0; ka3Nks ¼ 0; on Cs; ð14Þ
ka3rij nj ks ¼ kCija3 knj;
ka3Dj nj ks ¼ keja3 knj;
ka3Bj nj ks ¼ kqja3 knj; on Cs;
ð15Þ
ha3L3i ¼ ha3Mi ¼ ha3Ni ¼ 0; ð16Þ
where a3rðsÞij ¼ CðsÞij3la3LðsÞ3;l þ eðsÞlij a3MðsÞ;l þ qðsÞlij a3NðsÞ;l , a3DðsÞj ¼ eðsÞj3la3LðsÞ3;l
jðsÞlj a3M
ðsÞ
;l  aðsÞlj a3NðsÞ;l , a3BðsÞj ¼ qðsÞj3la3LðsÞ3;l  aðsÞlj a3MðsÞ;l  lðsÞlj a3NðsÞ;l and
the angular bracket deﬁne the volume average per unit length over






being a3L3; a3M and a3N the local functions corresponding to the
mechanical displacements, the electric potentials and the magnetic
potentials associated to the present local problems with a ¼ 1;2.
The subscripts before the local functions will be omitted for sim-
plicity of the expressions.Thus, the functionsL3; M andN are sought in such a way that
they also are doubly periodic harmonic functions of the complex
variable z ¼ y1 þ iy2 in the periodic cell Y , with the periods
x1 ¼ 1 and x2 ¼ eih where h ¼ p=2 for square symmetry and
h ¼ p=3 for hexagonal symmetry and another case for parallelo-
gram symmetry (see Fig. 1(b)). Now, the comma notation repre-
sents the partial derivate relative the local variable nl.
5. Solution of the local problems a3L, (a ¼ 1;2)
Considering the mathematical statement of the present prob-
lems, doubly periodic harmonic functions L3; M and N are to
be found in terms of the following Laurent expansions of harmonic
functions over the region S1,
L
ð1Þ
















































































































where wkp ¼ ðkþp1Þ!ðk1Þ!ðp1Þ!
Rkþp1 ﬃﬃﬃﬃ
kp
p Skþp, Skþp ¼
P
m; nðmx1 þ nx2ÞðkþpÞ,
m2þ n2 – 0, k þ l > 2 and S2 ¼ 0.
By the sum of the power expansions over the region S2
L
ð2Þ
















































and power expansions over the region S3,
L
ð3Þ


























where the symbols Re or Im are the real or imaginary part of the com-
plex number, respectively, R1 and R2 ðR2 < R1Þ are the radiuses of the











p ; ck; dk; f k are complex undetermined coefﬁcients which
depend on the local problems a3L to be solved and the superscript
‘‘o’’ next to the summation symbol means that ‘‘k’’ runs only over
odd integers. f is the Zeta quasi periodicWeierstrass function deﬁned
as fðzÞ ¼ 1z þ
P0
m;nf 1zbmn þ 1bmn þ zb2mng that satisﬁed the quasi periodic
conditions dc ¼ fðzþxcÞ  fðzÞ, being bmn ¼ mx1 þ nx2, with x1
andx2 the principal periods and form; n 2 Z the primeover the sum-
mation symbol means that the pair ðm;nÞ ¼ ð0;0Þ is excluded.
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conditions at the interface (Eq. (15)), after some algebraic manipu-
lations, we obtain an inﬁnite systems that are transformed into
dimensionless equations to facilitate solution by means of the fol-











































wkp, ðÞ ¼ ða; b; eÞ and the complex unknown con-
stants ap; bp and ep, and their conjugate denoted by the over bar
are the solutions of the corresponding local problems a3L. Here,
the sum by the repeated indices k and p are applied, with
k; p ¼ 1; 3; 5; . . . ; d1p is the Kronecker’s delta and the constants
Aip; Bip; Cip; T 1p; T 2p and T 3p are deﬁned in Appendix B. The solu-
tions of the system of each local problem depend on the material
constants, geometry of the ﬁbers and the different ﬁelds related
to the problem.
From the condition of double periodicity of the functions
L3; M and N the following relations we can concluded: a0 ¼
R21 ~H2a1  R21 ~H1a1, b0 ¼ R21 ~H2b1  R21 ~H1b1, e0 ¼ R21 ~H2e1 R21 ~H1e1,
where ~H1 ¼ ðd1 x2  d2 x1Þ=ðx1 x2 x2 x1Þ and ~H2 ¼ ðd1 x2
d2 x1Þ=ðx1 x2 x2 x1Þ.
Also, analogous to Guinovart-Díaz et al. (2011), introducing in













, wkp ¼ w1kpþ
iw2kp, ~Ha ¼ h1a þ ih2a, being xk; yk; zk; tk; lk; mk; w1kp; w2kp; h1a
and h2a real numbers, that represent the real or imaginary part of




. After some alge-
braic manipulations, the solution of above equation system (21)
can be rewritten in the following matrix form:





where ~E1; J are square matrices of order 6, ~E andW are the order 6N
formed by six order blocks ~Ep and Wkp respectively, deﬁned in
Appendix C, here k and p are odd numbers. The matrix
N1 ¼ Wk1; N2 ¼ W1p are the order 6 6N and 6N 6 respectively.
N 2 N is the truncate order of the system (21). Also,
XT ¼ ðx1; y1; z1; t1; l1;m1; . . . ; xk; yk; zk; tk; lk;mk; . . .Þ is the transpose of
vector X and BT ¼ ðT 11da1; T 11da2; T 21da1; T 21da2;T 31da1; T 31da2;
0; 0; 0;0; 0; 0; . . .Þ is the transpose of vector B, both inﬁnite vectors.
From Eq. (22), a very important ﬁrst approximation is obtained
if we consider xk ¼ yk ¼ zk ¼ tk ¼ lk ¼ mk ¼ 0 for kP 3, in this case
the unknowns with subscript p ¼ k ¼ 1 remain no null. This
approximation is equivalent to truncate the equation system (21)
to an appropriate order N, which denotes the number of equations
considered in the solution of the inﬁnite algebraic system of
equation, particularly to N ¼ 1 (short formulae). It is solved and
its solution is:
X1 ¼ ~E1 þ R21J
 
 N1ð~Ep þ WÞ1N2
h i1
B1; ð23Þ
where XT1 ¼ ð x1 y1 z1 t1 l1 m1 Þ and BT1 ¼
ðT 11da1 T 11da2 T 21da1 T 21da2 T 31da1 T 31da2 Þ.
In general, using the solution of the equation system (23), we
can obtained the constant a1 ¼ x1 þ iy1; b1 ¼ z1 þ it1 and
e1 ¼ l1 þ im1, that are essential for the effective coefﬁcientsassociate with these local problems a3L. The same method used
for solving the local problem a3L ða ¼ 1;2Þ may be developed to
solve the other antiplane shear local problems 1I ; 2I ; 1P and
2P. These problems are very similar to a3L.6. Effective coefﬁcients
The main objective of this work is the characterization of the
effective properties for three-phase magneto-electro-elastic ﬁber
unidirectional reinforced composite with parallelogram cell. Then,
the corresponding effective coefﬁcients related to the local prob-
lems a3L are shown.
Effective coefﬁcients associate with the local problem 13L
C1313 ¼ hC1313i þ hC1331 L3;1i þ he113 M;1i þ hq113 N;1i;
C2313 ¼ hC2332 L3;2i þ he223 M;2i þ hq223 N;2i;
e113 ¼ he113i þ he131 L3;1i  hj11 M;1i  ha11 N;1i;
e213 ¼ he113 L3;2i  hj11 M;2i  ha11 N;2i; ð24Þ
q113 ¼ hq113i þ hq131 L3;1i  ha11 M;1i  hl11 N;1i;
q213 ¼ hq113 L3;2i  ha11 M;2i  hl11 N;2i:
Effective coefﬁcients associate with the local problem 23L
C1323 ¼ hC1331 L3;1i þ he113 M;1i þ hq113 N;1i;
C2323 ¼ hC1313i þ hC1313 L3;2i þ he113 M;2i þ hq113 N;2i;
e123 ¼ he131 L3;1i  hj11 M;1i  ha11 N;1i;
e223 ¼ he223i þ he113 L3;2i  hj11 M;2i  ha11 N;2i; ð25Þ
q123 ¼ hq131 L3;1i  ha11 M;1i  hl11 N;1i;
q223 ¼ hq113i þ hq113 L3;2i  ha11 M;2i  hl11 N;2i:
The local functions L3; M and N are the solutions of the local
problems a3L, respectively. The expressions of the effective
coefﬁcients (24) and (25) are transformed applying Green’s theorem
to the area integrals. Subsequently, substituting the previous
expansion (18)–(20) into the lineal integrals and using the orthog-
onality of the system of functions fcosðnxÞ; senðnxÞg1n¼1 in ½0; 2p
and making the transformations shown in Appendix D, the analyt-
ical expressions of the dimensionless effective properties are
obtained as functions of the unknown constants a1; b1 and e1,
associated to each local problems 13L or 23L; as follows:
C1313  iC2313 ¼ C1313 þ!1 a1 þ!2 b1 þ!3e1 þD1;
e113  ie213 ¼ e113 þ!4 a1 !5 b1 !6e1 þD2; in local problem 13L
q113  iq213 ¼ q113 þ!7 a1 !8 b1 !9e1 þD3; ;
ð26Þ
C1323  iC2323 ¼iC2323 þ!1 a1 þ!2 b1 þ!3 e1  iD1;
e123  ie223 ¼ie223 þ!4 a1 !5 b1 !6 e1  iD2; in local problem 23L
q123  iq223 ¼iq223 þ!7 a1 !8 b1 !9 e1  iD3;
ð27Þ













. Also, ðf Þv ¼ f ð1ÞV1 þ f ð2ÞV2 þ f ð3ÞV3, where
V1; V2 and V3 are the volume fraction per unit length occupied by
the matrix, interphase and the ﬁber, respectively;
V1 þ V2 þ V3 ¼ 1 and V ¼ jx1j jx2j sin h represent the volume of
periodic cell. The coefﬁcients !m m ¼ 1;9; and Di ði ¼ 1; 2; 3Þ are
deﬁned in Appendix D.
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22 associated with 2P: ð31Þ
To have the remaining effective properties, it will be only nec-
essary to solve the associated local problems aI and qP. The
unknowns a1; b1 and c1 are different for each individual local prob-
lem and they are obtained from the system of equation (22) using
the corresponding independent terms related to each local prob-
lems. The dimensions can be retrieved in the inverse form using
the transformations of Appendix A.7. Numerical results
In the present work, it is investigated the inﬂuences of the vol-
ume fraction, ﬁber distribution and phase permutation on the
effective magnetoelectroelastic moduli considering the volume cell
illustrated in Fig. 1. Two different cases: a two-phase Model (ﬁber/
matrix = BaTiO3/CoFe2O4) and a three-phase Model (ﬁber/inter-
phase/matrix = BaTiO3/Terfenol-D/CoFe2O4) are taking into consid-
eration for numerical simulations.
The analytical expressions of the effective properties (26) and
(27) are in function of the material properties, the volume fraction
and the residues a1; b1 and e1 of the functions (18). The system in
Eq. (23) is truncated to N order and solved for a1; b1 and e1: This
procedure is repeated for different orders. For each N, new solu-
tions a1; b1 and e1 are obtained and compared to the ones of the
preceding step. Calculation stops when the difference between
these coefﬁcients for subsequent steps reaches the desired preci-
sion. The coefﬁcients a1; b1 and e1 are substituted into (26) and
(27) in order to ﬁnally obtain the overall properties. Only a few
iterations are needed to achieve the convergence.
An important result is that the approach in Eq. (23) for N = 1
reproduces exactly the values that are determined by Mori–TanakaTable 2
Variation of the effective MEE moduli obtained by AHM in term of order system N, for a th
predicted EEVM (Yan et al., 2013) are shown.
BaTiO3/Terfenol-D/CoFe2O4, k ¼ V2 þ V3 ¼ 0:6 R0=R ¼ 4=5




AHM EEVM AHM EEVM AHM EEVM
1 37.04 37.14 0.05807 0.06011 0.1436 0.1466
3 37.04 37.05 0.05807 0.05821 0.1436 0.1438
5 37.04 37.04 0.05807 0.05807 0.1436 0.1436
7 37.04 37.04 0.05807 0.05807 0.1436 0.1436
9 37.04 37.04 0.05807 0.05807 0.1436 0.1436







BaTiO3 43 11.6 11.2
CoFe2O4 45.3 0 0.08
Terfenol-D 13.6 0 0.05self-consistent method reported in Wang and Pan (2007), when
considering a three-phase model with very thin interphase.
From the present three-phase model, it can be obtained the
analytical expressions of the composite without interphase (two
phase composite) reported in previously works by Camacho-
Montes et al. (2009). In addition, limit cases can be veriﬁed and
the analytical expressions can be reduced to those reported for
transversally isotropic bi- or three-phase composites, with elastic
or piezoelectric constituents and square, hexagonal, parallelogram
cells, such as, Guinovart-Díaz et al. (2011, 2012), Rodríguez-Ramos
et al. (2011).
The aforementioned global properties of the antiplane behav-
ior of the two- or three-phase magneto-electro-elastic ﬁbrous
composite as function of the cell’s constituents are calculated
considering the constitutive properties shows in Table 1 (see
Yan et al., 2013). For simplicity, the two index notation, in the
expression of the effective properties, is used in tables and
ﬁgures.
The numerical validity and efﬁcient of the herein developed
analytical results by means of the asymptotic homogenization
method (AHM) are veriﬁed by comparing them with the other
ones published by Yan et al. (2013) (EEVM, i.e., eigenfunction
expansion-variational method) and by Kuo (2011), who com-
bined the methods of complex potentials with a re-expansion
formulae and the generalized Rayleigh’s formulation. The
parameter k ¼ V3 is deﬁned as the ﬁber volume fraction for a
two-phase composite and k ¼ V2 þ V3 is the volume fraction of
the ﬁber and interphase together for a three-phase composite.
For both cases 1 k is the matrix volume fraction. In this
example, the concentric ﬁbers radius relation is R2=R1 ¼ 4=5 for
the three-phase composite. Different periodic cell arrays are
being considered: square array if the fundamental periods
are x1 ¼ 1 and x2 ¼ i, hexagonal array if x1 ¼ 1 and x2 ¼ eip=3
and the general parallelogram array when fundamental periods
x1 ¼ 1; x2 ¼ eih and a vertex angle h.
In Tables 2–5, the variation of the effective properties of MEE
composites with different truncate orders N for a two- or three-
phase composite are shown.
In Tables 2 and 3, some comparisons of the effective properties
between the AHM, EEVM (Yan et al., 2013) and Kuo (2011) are
shown for a three-phase composite (BaTiO3/Terfenol-D/CoFe2O4)




6 N/A2) a11 (1012 Ns/VC)
AHM EEVM AHM EEVM AHM EEVM
176.4 206.1 141.6 178.8 60.73 67.59
176.2 178.4 141.2 144.0 60.59 61.28
176.2 176.3 141.2 141.4 60.59 60.63
176.2 176.2 141.3 141.3 60.59 60.59











The effective MEE moduli obtained by MHA in term of order system N, for a three-phase composite with hexagonal periodic cell (h ¼ 60) and a comparison with those predicted
EEVM (Yan et al., 2013) and Kuo (2011) are shown.
BaTiO3/Terfenol-D/CoFe2O4, k ¼ V2 þ V3 ¼ 0:6 R2=R1 ¼ 4=5
N C55 (GPa) e

15 (C/m
2) j11 (nF/m) q

15 (N/Am) l11 (10
6 N/A2) a11 (1012 Ns/VC)
AHM EEVM AHM EEVM AHM EEVM AHM EEVM AHM EEVM AHM EEVM
1 37.05 37.07 0.05794 0.05838 0.1435 0.1441 184.8 191.2 152.4 160.4 63.81 64.67
3 37.05 37.05 0.05794 0.05794 0.1435 0.143 184 184 151.4 151.4 63.45 63.44
5 37.05 37.05 0.05794 0.05794 0.1435 0.143 184 184.1 151,4 151.4 63.45 63.46
7 37.05 37.05 0.05794 0.05794 0.1435 0.1435 184 184 151,4 151.4 63.45 63.45
9 37.05 37.05 0.05794 0.05794 0.1435 0.1435 184 184 151.4 151.4 63.45 63.45
Table 4
The effective MEE moduli obtained by AHM in term of order system N for a two-phase composite using the three-phase model.
BaTiO3/CoFe2O4,
N C55 (GPa) e

15 (C/m
2) j11 (nF/m) q

15 (N/Am) l11 (10
6 N/A2) a11 (1012 Ns/VC)
AHM EEVM AHM EEVM AHM EEVM AHM EEVM AHM EEVM AHM EEVM
1 50.79 50.78 0.2579 0.2768 0.3362 0.3544 128.4 163.4 141.4 178.7 6.018 5.562
3 50.79 50.79 0.2588 0.2596 0.3371 0.3379 128.0 130.7 141.0 143.8 6.020 5.987
5 50.79 50.79 0.2588 0.2587 0.3371 0.337 128.0 128.1 141.0 141.1 6.020 6.019
7 50.79 50.79 0.2588 0.2588 0.3371 0.3371 128.0 128.0 141.0 141.0 6.020 6.020
9 50.79 50.79 0.2588 0.2588 0.3371 0.3371 128.0 128.0 141.0 141.0 6.020 6.020
Kuo 50.8 0.255 0.337 128 140 6.03
Table 5
The effective magnetoelectric (ME) moduli obtained by AHM in term of order system
N for a three-phase composite (BaTiO3/Terfenol-D/CoFe2O4) with Parallelogram
periodic cell (ðh ¼ 75) and the fraction of volume of the interphase V3 ¼ 0:6.
Magnetoelectric coefﬁcients (BaTiO3/Terfenol-D/CoFe2O4)
N a11 (1012 Ns/VC) a22 (1012 Ns/VC) a12 (1012 Ns/VC)
AHM EEVM AHM EEVM AHM EEVM
1 68.75 70.82 54.39 63.98 0.1528 1.996
3 68.60 68.74 53.23 55.63 0.1512 0.2091
5 68.60 68.60 53.18 53.70 0.1520 0.1971
7 68.60 68.60 53.18 53.32 0.1520 0.1793
9 68.60 68.60 53.18 53.30 0.1520 0.1780
11 68.60 68.60 53.18 53.17 0.1520 0.1511
13 68.60 68.60 53.18 53.18 0.1520 0.1520
3514 Y. Espinosa-Almeyda et al. / International Journal of Solids and Structures 51 (2014) 3508–3521good match between the approaches can be observed. In these
comparisons, the volume fraction are considered to be
k ¼ V2 þ V3 ¼ 0:6, V2 ¼ ð9=16ÞV3 because ﬁbers radius relation is
R2=R1 ¼ 4=5 and V1 ¼ 1 V2  V3.
It can be noticed the inﬂuence of the arrangement of the cells on
the properties of the composite and we can conclude that, for a
three-phase composite materials (BaTiO3/Terfenol-D/CoFe2O4),
where the periodic cell is square, the magnetoelectric, magnetic,
piezomagnetic and elastic properties are lower than those of the
hexagonal cell, being opposite for the piezoelectric and dielectric
properties. Also, it is observed that when the hexagonal ﬁber array
is considered the results converge more rapidly than those for a
square ﬁber array.
The effective properties of a bi-phase composite (BaTiO3/CoFe2
O4), can be derived from the three-phase model when the thick-
ness of the interphase is very thin and the material properties
are BaTiO3 or CoFe2O4. In Table 4, the numerical results using the
present model are compared with those reported by Yan et al.
(2013) and Kuo (2011) when the periodic cell is square. Here, the
volume fraction for each phase is considered as k ¼ V3 ¼ 0:6,
V2 ¼ 106 and V1 ¼ 1 V2  V3. It can be noticed that the result
of the effective magnetoelectroelastic moduli is a good estimation.
In addition, it was found that the interphase volume fraction has a
strong inﬂuence on the effective properties because the results
converge more rapidly when is considered the volume of the inter-
phase as V2 < 10
6. The obtained values are closer to those
reported by Yan et al. (2013).
An objective of making magnetoelectroelastic composites is to
maximize the magnetoelectric coefﬁcient. The highest one is
obtained for the three-phase composite. This result is also
obtained by Yan et al. (2013) even if Terfenol-D is considered
instead of CoFe2O4. Then, the intermediate or interphase plays
an important role in the mechanical interaction between the
piezoelectric and magnetostrictive constituents leading to an extra
improvement of the magnetoelectric coupling. In addition, for
three-phase composites where the ﬁbers are aligned with square
periodicity, the magnetoelectric property is weaker than those of
the composites with hexagonal or parallelogram periodicity, see
Tables 2–4.In Table 5, a comparison of the magnetoelectric (ME) effective
properties between the AHM and EEVM (Yan et al., 2013) is shown
for a three-phase composite with parallelogram periodic cell and a
good match between the approaches can be observed. Note that,
new coefﬁcients ME appears for this parallelogram periodic cell,
i.e., the effective coefﬁcients a12 and a21 are different of zero. For
this case, it can be observed the inﬂuence of the cell’s space ﬁber
distribution on the anisotropic symmetry.
Therefore, the overall magnetoelectric performance of the com-
posite with parallelogram periodic cell has less symmetry opera-
tions than hexagonal and square periodic cell, which exhibit a
transversely isotropic symmetry as was reported by the previous
work, Camacho-Montes et al. (2009), Espinosa-Almeyda et al.
(2011), Kuo (2011) and Kuo and Pan (2011) for a square periodic
cell and Espinosa-Almeyda et al. (2011) and Yan et al. (2013) for
a hexagonal periodic cell. In both types of cells, ME effective coef-
ﬁcients satisfy that a12 ¼ a21 ¼ 0 and a11 ¼ a22 – 0. When the peri-
odic cell is represented by parallelogram a12 ¼ a21 – 0 and
a11 – a22. For this last case, it is also possible to observe that the









24;j11 – j22;l11 – l22 and C

45 ¼ C54; e25 ¼ e14; q25 ¼ q14,
j12 ¼ j21; l12 ¼ l21. Consequently, the composite with parallelo-
gram cell corresponds to a material behavior with a higher
Fig. 2. Effective magnetoelectric coefﬁcient a11 for the two-phase composites
(Terfenol-D/BaTiO3) for different periodic cells versus the ﬁber volume fraction. A
comparison of the present model with EEVM approach (Yan et al., 2013), for square
and hexagonal ﬁber array are illustrated.
Table 6
Variation of the effective MEE moduli obtained by MHA in term of order system N and volume fractions k ¼ 0:2 and k ¼ 0:85, for an idealized three-phase composite (BaTiO3/
Terfenol-D/CoFe2O4) with hexagonal periodic cell and the contrast between the ﬁber and matrix is 120.
ðBaTiO3=Terfenol D=CoFe2O4Þ V2 ¼ ð1=16ÞV3; V1 ¼ 1 V2  V3
V3 N C55 (GPa) e

15 (C/m
2) j11 (nF/m) q

15 (N/Am) a11 (1012 Ns/VC) l11 (106 N/A2)
0.2 1 64.246 0.0006 0.1182 594.59 4.2563 457.73
2 64.246 0.0006 0.1182 594.59 4.2563 457.73
7 64.246 0.0006 0.1182 594.59 4.2563 457.73
0.85 1 293.83 0.0368 0.8065 1778.7 220.67 170.88
7 304.62 0.0456 0.9248 1826.5 271.02 162.25
10 304.62 0.0456 0.9248 1826.2 271.00 162.06
15 304.62 0.0456 0.9248 1826.1 270.99 161.99
16 304.62 0.0456 0.9248 1826.1 270.90 161.98
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ﬁbrous composites, the maximum value tolerable of the ﬁber vol-
ume fraction k is 0.785 for a square cell, 0.906 for a hexagonal cell
and 0.813 for parallelogram periodic cell with angle of 75 and 1
for an idealized even ﬁber distribution in the Mori–Tanaka estima-
tion (Wang and Pan, 2007), consequently with the results of Yan
et al. (2013).
We assert from comparisons in Tables 2–5 that both methods
AHM and EEVM are in a good concordance except the effective
properties q15; l11 and a11 for only N = 1. Also, we analyze the
behavior of the analytical expression using N = 1 (short formulae
see (23)) whose numerical computations are shown in the afore-
mentioned tables.
As it was mentioned previously, the solution to the inﬁnite
order algebraic system (22) is achieved by means of truncation
to an inﬁnite order and the Gauss’s method. A fast convergence
of successive truncations is ensured because the system is regular
(Rodríguez-Ramos et al. (2001)) so that successive approximations
can be applied. Besides, concerning the well convergence of the
AHM we can refer to Sixto-Camacho et al. (2013) and Bravo-
Castillero et al. (2008).
In general, for the volume fraction of each phase, as it is consid-
ered in Table 4 where k ¼ V3 ¼ 0:6, (Fiber) V2 6 106 (interphase)
and V1 ¼ 1 V2  V3 (matrix), the accuracy and convergence of
the results are good for smaller values of N (N 6 3). More terms
are required to be included for high volume fraction of ﬁbers as
well as for higher contrast between the ﬁber and matrix as it can
be observed in the next example.
An analysis of computational cost required to achieve pre-ﬁxed
accuracy as a function of volume fraction k ¼ V2 þ V3 and material
properties is shown in Table 6. Here, the effective properties
obtained by MHA are computed for a three-phase composite with
a BaTiO3 matrix, Terfenol-D interphase and idealized properties of
ﬁber. This combination is proposed to obtain a higher contrast
between the matrix and ﬁber. In this example, we used the ﬁber
properties of CoFe2O4 multiplied by 120 with hexagonal periodic
cell (h ¼ 60) for two different volume fractions V3 ¼ 0:2 and
V3 ¼ 0:85 (case close to percolation), V2 ¼ ð1=16ÞV3 and
V1 ¼ 1 V2  V3.
It can be noticed from Table 6 that good accuracy is already
reached for low values of N for effective magnetoelectroelastic
properties when the ﬁber volume fraction ðk ¼ 0:2125Þ is small,
i.e., N 6 2. For high ﬁber volume fraction ðk ¼ 0:9031Þ, it is needed
a higher truncation order N of equation systems (21) to get a better
accuracy. The solution (22) depends on powers of radius R1 (see in
(18) expression of wkp), then more terms are required to assure the
convergence of the solution, for higher volume fraction. In addi-
tion, it is worthily to mention that computation of the result only
takes few seconds.
Fig. 2 illustrates the behavior of the effective magnetoelectric
coefﬁcient a11 calculated by AHM, for two-phase compositeTerfenol-D/BaTiO3 with parallelogram periodic cell versus the ﬁber
volume fraction V3, up to the percolation limit. The volume fraction
of the interphase is V2 ¼ 106. The numerical results derived by
AHM are compared with EEVM method (see Yan et al., 2013) for
square and hexagonal cells. Very close results can be seen between
the two models.
The effective properties of the composites shown in Fig 2 are
transversely isotropic at the angles 60 (hexagonal periodic cell)
and 90 (square periodic cell), the strongest anisotropy appear at
angle 45. In the range between 60 and 90 the trend of the curves
of all coefﬁcients are similar, being different for high ﬁber volume
fraction values. The difference between the coefﬁcients is remark-
able for angles of the cell less than 60. The explanation should be
given because of the fact that in the distance between the ﬁbers is
small and it reinforces the properties of the composite in this
direction.
Also, from Fig. 2, it is possible to see that, for small ﬁber volume
fraction, this type of the cell distribution does not affect the value
of the effective property; it is the same value in both distributions
(square and hexagonal distribution cell). However, when the
Terfenol D ﬁber volume fraction is growing, the ﬁber distribution
show to have a heavier role on the ME coefﬁcients. When the ﬁbers
are aligned with hexagonal distribution the property a11 is weaker
than square distribution properties. We can also see, that the prop-
erty a11 reaches local extreme maximum and minimum values,
and ﬁnally increases rapidly until the ﬁber volume fraction reach
the percolation limit.
Fig. 4. The normalized effective properties of the three-phase composite with
empty ﬁbers versus the total volume fraction of the ﬁber and interphase for
different ﬁber array.
Table 8
The effective piezoelectric moduli in term of order system N for a three-phase composite
Glass/PZT/Epoxy, (Square cell)




AHM EEVM AHM EEVM AHM EEVM
1 6.452 6.755 0.0562 0.0613 0.1488 0.1563
3 6.462 6.477 0.0566 0.0568 0.1492 0.1495
5 6.462 6.462 0.0566 0.0566 0.1492 0.1492
7 6.462 6.462 0.0566 0.0566 0.1492 0.1492
9 6.462 6.462 0.0566 0.0566 0.1492 0.1492
Fig. 3. Effective magnetoelectric coefﬁcient a11 of the different three-phase




BaTiO3 Hollow Epoxy Glass PZT
CðcÞ55 (GPa) 43.86 0 1.8 29.6 25.696
eðcÞ15 (C/m
2) 11.4 0 0 0 9.35
jðcÞ11 (nF/m) 12.8 0.00886 0.0372 0.0566 4.065
3516 Y. Espinosa-Almeyda et al. / International Journal of Solids and Structures 51 (2014) 3508–3521The ﬁrst maximum for the ME coupling has been previously
reported by Camacho-Montes et al. (2009) and Espinosa-Almeyda
et al. (2011). The ME coupling in the type of composite studied
herein, where there is no ME effect for either of the constituents
is a result of the mechanical interaction at the interphase between
piezoelectric and piezomagnetic constituents. In principle, the ﬁrst
maximum can be expected for V3 ¼ 0:5. However, depending on
the constituent properties this maximum can shift either to higher
or lower matrix volume fraction. It is worthily to observe that a
second tendency of the ME to increase toward ﬁber percolations.
This interesting fact is probably related to the interceptions of
the stress ﬁeld of different matrix-ﬁber interphases as they are
closer near percolation. This effect can also be related to the
presence of the interphase as it is not observed by Camacho-
Montes et al. (2009).
In Fig. 3, the effective Magnetoelectric coefﬁcient a11 of the
three-phase composite ððR2=R1Þ2 ¼ 1=2() V2 ¼ V3Þ versus the
total volume fraction of the ﬁber and interphase k ¼ V2 þ V3, up
to the percolation limit for hexagonal periodic cell are shown. A
comparison for the present solutions by AHM with those predicted
by EEVM (Yan et al., 2013) for different kinds of three-phase com-
posites composed of CoFe2O4;BaTiO3 and Terfenol-D in different
permutations is also performed. Note that, good estimations can
be reported. We can verify that the biggest value for a11 is
512:2 1012Ns=VC for CoFe2O4=BaTiO3=Terfenol-D composite
when the ﬁber volume fraction is 0.86 as it is reported by Yan
et al. (2013). It is important to note, besides the choice of the
phases, the inﬂuence of the permutation can also be signiﬁcant
in the behavior of the new effective coefﬁcient.
The effect of the shape of the cross-section of the empty
ﬁbers obtained by AHM method for a three-phase composite
(Empty=Empty=BaTiO3) are shown here to illustrate the effect of





15; j11 and l11, see Fig 4. The AHM-90 curve shows
total coincidence with the results reported by Bravo-Castillero
et al. (2009) for BaTiO3 porous material.
The Fig 4 shows that the universal relations C55=C
ð1Þ
55 ¼ e15=eð1Þ15 ¼
q15=q
ð1Þ
15 ¼ j11=jð1Þ11 ¼ l11=lð1Þ11 are satisﬁed for a porous ﬁber com-
posite. It can also be observed, from this ﬁgure, that the curves
do not cross each other and that the ratios decrease monotonically
from the matrix value (normalized to 1) at zero ﬁber volume frac-
tion to the corresponding percolation limit. In addition, very closed
estimation between the curves for small values of the ﬁber volume
fraction are observed. The equalities shown previously are pub-
lished by Bravo-Castillero et al. (2009) for 1-3 piezoelectric com-
posites and they are extended for MEE composites in formula
(3.59) in Bravo-Castillero et al. (2012),7.1. Piezoelectric composites
The effective coefﬁcients (26) and (27) can be reduced to
piezoelectric, bi- or three-phase composites. These effective






AHM EEVM AHM EEVM AHM EEVM
6.116 6.231 0.0461 0.0486 0.1390 0.1420
6.144 6.141 0.0468 0.0468 0.1398 0.1397
6.144 6.144 0.0468 0.0468 0.1398 0.1398
6.144 6.144 0.0468 0.0468 0.1398 0.1398
6.144 6.144 0.0468 0.0468 0.1398 0.1398
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volume fraction. It will be shown in Table 8. In these cases, the
material properties are considered in the following Table 7; see
Yan et al. (2011).
In Table 8, the effective properties of a three-phase piezoelectric
composite (Glass/PZT/Epoxy), with square or hexagonal periodic
cell obtained by AHM are summarized, and compared with those
reported by EEVM (Yan et al., 2011). Here, the volume total of
the ﬁber (Glass) and interphase (PZT) is k ¼ V2 þ V3 ¼ 0:6, the
relative radius of the ﬁbers are given as R0=R ¼ 2=3 and the fraction
of volume of the phases are V2 ¼ ð5=4Þ 	 V3 and V1 ¼ 1 V2  V3.
From Table 8, a good agreement and rapid convergence of the
present results are observed.8. Conclusions
In this work, the analytical formulae derived for all effective
properties have a simple form. The computational implementa-
tion is easy. In addition to its theoretical importance, they can
be used for checking the implementation of experimental, numer-
ical and analytical models. The numerical analysis demonstrates
that the AHM model is very simple, accurate and efﬁcient for
the analysis of ﬁber-reinforced composites with presence of the
interphase and for different arrangement of angular distribution
of the ﬁbers. In addition, is remarkable the relation among the
contrasts of the phases properties, the order of truncation and
the volume fractions of the ﬁber and the interphase. Some com-
parisons with experimental results reported in the literature
revealed a good performance. The formulae are also valid for
two- or three-phase piezoelectric or elastic composite. For com-
posites with a parallelogram periodic array of ﬁbers, the effective
magnetoelectric moduli can be anisotropic. There exist two new
coupling magnetoelectric coefﬁcients besides the two main
coefﬁcients.Acknowledgments
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The local problems are transformed into dimensionless prob-

























~BðcÞi3 ¼ BðcÞi3 ;








































lVðcÞ ¼ ~VðcÞ; lR ¼ R0; ln ¼ y:Appendix B
In order to realize the numerical calculations we present the
following algorithm which allows us to derive the system (21).
The relations deﬁned in Wang and Ding (2006) (Appendix A) are
used, substituting the previous expansion (18)–(20) into contact
conditions (14) for s ¼ 1;2 and considering that z ¼ Rseih for differ-





























































Now, the local functions are considered periodic harmonic
functions of the complex variable and they satisfy the Cauchy-
Riemann conditions, using the relations deﬁned in Appendix A,
sfit ¼ fiðzÞ  f iðzÞ and n2 ¼ R1ðdx1=dhÞ; n1 ¼ R1ðdx2=dhÞ on the
interfaces Cs, the equalities (15) can be written in terms of the
complex functions as:
sf1tþ Eð1Þ15 sg1tþ Q ð1Þ15 sh1tþ ð1 vð1ÞÞda1ðz zÞ
¼ vð1Þ sf2tþ Eð2Þ15 sg2tþ Q ð2Þ15 sh2t
h i







vð1Þ½sf2tþ Eð2Þ15 sg2tþ Q ð2Þ15 sh2t þ ðvð2Þ  vð1ÞÞida2ðzþ zÞ




















Eð2Þ15 sf2t sg2tAð2Þ11 sh2t
h i




















































Q ð1Þ15 ðda1ðzzÞ ida2ðzþzÞÞþQ ð1Þ15 sf1tAð1Þ11 sg1t sh1t





























Then substituting the expansion (18)–(20) into the previous equa-
tions (B.3)–(B.5) at the interface Cs and analogous to the way for





















¼ vð1Þ að2Þp þ Eð2Þ15 bð2Þp þQ ð2Þ15 eð2Þp
h i




 ð1vð1ÞÞRp2R1½da1  ida2d1p;
vð1Þ að2Þp þ Eð2Þ15 bð2Þp þQ ð2Þ15 eð2Þp
h i




¼ vð2Þ cp þ Eð3Þ15 dp þQ ð3Þ15 fp
h i
Rp2 þ vð2Þ vð1Þ
 
Rpþ12 ½da1  ida2d1p;
ðB:6Þ

























p  Að2Þ11 eð2Þp  bð2Þp
h i















p  bð2Þp  Að2Þ11 eð2Þp
h i




















Rpþ12 d1p½da1  ida2;
ðB:7Þ

























p  eð2Þp  Að2Þ11 bð2Þp
h i















p  Að2Þ11 bð2Þp  eð2Þp
h i




















Rpþ12 d1p½da1  ida2;
ðB:8Þ
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p ; bp; b
ð2Þ
p ,




p ; cp; dp and fp. This system can be rewritten into
a new matricial system (21) in term of the conjugate of ap; bp and
ep, which can be solved by Gauss’s method. Once we have the
unknown constants, we can determine the effective coefﬁcients
(24) and (25). The magnitudes that appear in system (21) corre-
sponding to the local problem a3L can be summarized as follows:
A s p ¼ ð1Þsþ1 þAð1ÞpDð5Þp þAð3ÞpDð8Þp þAð5ÞpDð11Þp;
B s p ¼ ð1Þsþ1Eð1Þ15 þAð1ÞpDð6Þp þAð5ÞpDð12Þp þAð3ÞpDð9Þp;
C s p ¼ ð1Þsþ1Q ð1Þ15 þAð1ÞpDð7Þp þAð5ÞpDð13Þp þAð3ÞpDð10Þp;
s¼ 1; 2;
A s p ¼ ð1Þsþ1Eð1Þ15 þ Bð1ÞpDð5Þp  Bð3ÞpDð8Þp  Bð5ÞpDð11Þp;
B s p ¼ ð1Þs þ Bð1ÞpDð6Þp  Bð3ÞpDð9Þp  Bð5ÞpDð12Þp;
Cs p ¼ ð1ÞsAð1Þ11 þ Bð1ÞpDð7Þp  Bð3ÞpDð10Þp  Bð5ÞpDð13Þp;
s¼ 3; 4;
A ~s p ¼ ð1Þ~sþ1Q ð1Þ15 þ Cð1ÞpDð5Þp  Cð3ÞpDð8Þp  Cð5ÞpDð11Þp;
B ~sp ¼ ð1Þ~sAð1Þ11 þ Cð1ÞpDð6Þp  Cð3ÞpDð9Þp  Cð5ÞpDð12Þp;
C ~s p ¼ ð1Þ~s þ Cð1ÞpDð7Þp  Cð3ÞpDð10Þp  Cð5ÞpDð13Þp;
~s¼ 5; 6;
the independent term for the local problem a3L are
T 1p ¼ 1 vð1Þ
 
R1 þ ðvð1Þ  vð2ÞÞEþp R2
 Að1ÞpGð3Þp þ Að3ÞpGð4Þp þ Að5ÞpGð5Þp
 
Ep R2;











































AðsÞp ¼ 12 v
ð1Þ þ vð2Þ dp þ ð1Þs vð1Þ  vð2Þ d1ph i;


























































































































































































2 and dp ¼ Rp1=Rp2; besides,
Dð0Þp ¼ Dð2ÞpDð3Þp  Dð1ÞpDð4Þp; DðsÞp ¼ Að2sþ2ÞpBð2Þp þ Að2ÞpBð2sþ2Þp;
DðsÞp ¼ Að2s2ÞpCð2Þp þ Að2ÞpCð2s2Þp;
Dðiþ4Þp ¼ Ii  Að4ÞpDð7þiÞp þ Að6ÞpDð10þiÞp
  
Að2Þp;
Dðiþ7Þp ¼ Dð2ÞpFðiþ3Þp  Dð4ÞpFðiÞp
 
Dð0Þp;
Dðiþ10Þp ¼ Dð3ÞpFðiÞp  Dð1ÞpFðiþ3Þp
 
Dð0Þp;
FðiÞp ¼ IiBð2Þp þ Ii
_
Að2Þp; Fð3þiÞp ¼ IiCð2Þp þ Ii
^
Að2Þp;
Gð1Þp ¼ Bð2Þp vð1Þ  vð2Þ









Gð4Þp ¼ Dð2ÞpGð2Þp  Gð1ÞpDð4Þp
 
Dð0Þp;
Gð2Þp ¼ Cð2Þp vð1Þ  vð2Þ









Gð5Þp ¼ Dð3ÞpGð1Þp  Dð1ÞpGð2Þp
 
Dð0Þp;
Gð3Þp ¼ vð1Þ  vð2Þ  Að4ÞpGð4Þp  Að6ÞpGð5Þp
 
Að2Þp













































The matrices deﬁned in Eq. (21) are presented by the form:J ¼
A21ðh11 þ h12Þ A21ðh21  h22Þ B21ðh11 þ h12Þ B21ðh21 
A21ðh21 þ h22Þ A21ðh11  h12Þ B21ðh21 þ h22Þ B21ðh11 
A41ðh11 þ h12Þ A41ðh21  h22Þ B41ðh11 þ h12Þ B41ðh21 
A41ðh21 þ h22Þ A41ðh11  h12Þ B41ðh21 þ h22Þ B41ðh11 
A61ðh11 þ h12Þ A61ðh21  h22Þ B61ðh11 þ h12Þ B61ðh21 




A1p 0 B1p 0 C1p 0
0 A1p 0 B1p 0 C1p
A3p 0 B3p 0 C3p 0
0 A3p 0 B3p 0 C3p
A5p 0 B5p 0 C5p 0














Eqs. (24) and (25) are easily transformed applying Green’s the-
orem to the area integrals. Therefore, considering the perfect con-
tact condition (14), the effective coefﬁcients that appear in (24)
and (25) associate with the local problem a3L are connected by
the following matricial relations:



























































































L3; M andN are the solutions of the local problems a3L, respec-
tively. Due to the orthogonality of the system of functions
feinxg1n¼1 in ½0; 2p and the Laurent’s expansions of the local func-
tions given in (18)–(20), the line integrals in (D1) are obtained anal-






























































Nð3Þdn1 ¼ f1R2p;h22Þ C21ðh11 þ h12Þ C21ðh21  h22Þ
h12Þ C21ðh21 þ h22Þ C21ðh11  h12Þ
h22Þ C41ðh11 þ h12Þ C41ðh21  h22Þ
h12Þ C41ðh21 þ h22Þ C41ðh11  h12Þ
h22Þ C61ðh11 þ h12Þ C61ðh21  h22Þ




p B2pw1kp B2pw2kp C2pw1kp C2pw2kp
p B2pw2kp B2pw1kp C2pw2kp C2pw1kp
p B4pw1kp B4pw2kp C4pw1kp C4pw2kp
p B4pw2kp B4pw1kp C4pw2kp C4pw1kp
p B6pw1kp B6pw2kp C6pw1kp C6pw2kp
p B6pw2kp B6pw1kp C6pw2kp C6pw1kp
1
CCCCCCA
3520 Y. Espinosa-Almeyda et al. / International Journal of Solids and Structures 51 (2014) 3508–3521The following equations (D2) are obtained setting in (21) for
p ¼ 1; a ¼ 1 and a ¼ 2, respectively, according to the problem
a3L to be solved. They are necessary in order to obtain analytical




























































































































































þA51 a1 þ B51 b1 þ C51 e1 ¼ T 31½da1  ida2;
then, by means of the relations deﬁned in Wang and Ding (2006)
(Appendix A), substituting the expression of (D2) into (D1) and
using the corresponding solution of (D3), and the analytical solution
of c1; d1 and f1 obtained of (B.1), (B.2) and (B.6)–(B.8) system a sim-
ple analytical formulae for the effective properties are deduced
depending only the unknowns a1; b1 and e1 as it is represented in
(26) and (27). The magnitudes that appear in (26) and (27) corre-
sponding to the local problem a3L can be summarized as follows:
!i ¼ Fi1 þ 11F11A i=A21 þ 12ðF21  F11B21=A21Þ
 ½H1iþ4 H12J1iþ1=J11=H11 þ 12ðF31  F11C21=A21ÞJ1iþ1=J11;
!iþ3 ¼ Fi2 þ 1iF12A i=A21 þ 1iðF22 þ F12B21=A21Þ
 ½H1iþ4 H12J1iþ1=J11=H11 þ 1iðF32 þ F12C21=A21ÞJ1iþ1=J11;
!iþ6 ¼ Fi3 þ 1iF13A i=A21 þ 1iðF23 þ F13B21=A21Þ
 ½H1iþ4 H12J1iþ1=J11=H11 þ 1iðF33 þ F13C21=A21ÞJ1iþ1=J11;
Di ¼ ~Di þ ½F1iH11  F1iB21A41  1iF2iA21A41ðT 11=A21H11Þ
þ ½F1iB21 þ 1iF2iA21ðT 21=H11Þ
þ ½ðB21H12  C21H11ÞðF1i=A21H11Þ
þ 1iF2iH12=H11  1iF3iðJ15=J11Þ;
Fi1 ¼ Si1ððV2 þ V3Þ=R1Þ þ ½Dð4þiÞ1 K11 þ Dð7þiÞ1 K12 þ Dð10þiÞ1 K13
 ðV3=R2Þ;Fi2 ¼ Si2ððV2 þ V3Þ=R1Þ  1i½Dð4þiÞ1 K21 þ Dð7þiÞ1 K22 þ Dð10þiÞ1 K23
 ðV3=R2Þ;Fi3 ¼ Si3ððV2 þ V3Þ=R1Þ  1i½Dð4þiÞ1 K31 þ Dð7þiÞ1 K32 þ Dð10þiÞ1 K33





where F1i; F2i; F3i and ~Di; i ¼ 1;2;3 are constants denoted in this
form in order to simplify the notation. Moreover,H11 ¼ ðA41B21 A21B41Þ; H12 ¼ ðA41C21 A21C41Þ;
H13 ¼ ðA61B21 A21B61Þ; H14 ¼ ðA61C21 A21C61Þ;
H15 ¼ ðA21A31 A11A41Þ; H18 ¼ ðA21A51 A11A61Þ;
H16 ¼ ðA21B31 A41B11Þ; H17 ¼ ðA21C31 A41C11Þ;
H19 ¼ ðA21B51 A61B11Þ; H20 ¼ ðA21C51 A61C11Þ;
J11 ¼ ðH12H13 H11H14Þ; J12 ¼ ðH15H13 H11H18Þ;
J13 ¼ ðH16H13 H11H19Þ; J14 ¼ ðH17H13 H11H20Þ;
J15 ¼ ðH13ðA41T 11 A21T 21Þ H11ðA61T 11 A21T 31ÞÞ:References
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